Signals and Systems

1.1 INTRODUCTION

The concept and theory of signals and systems are needed in almost all electrical
engineering fields and in many other engineering and scientific disciplines as well. In this
chapter we introduce the mathematical description and representation of signals and
systems and their classifications. We also define several important basic signals essential to
our studies.

1.2 SIGNALS AND CLASSIFICATION OF SIGNALS

A signal is a function representing a physical quantity or variable, and typically it
contains information about the behavior or nature of the phenomenon. For instance, in a
RC circuit the signal may represent the voltage across the capacitor or the current flowing
in the resistor. Mathematically, a signal is represented as a function of an independent
variable r. Usually ¢t represents time. Thus, a signal is denoted by x(7).

A. Continuous-Time and Discrete-Time Signals:

A signal x(1) is a continuous-time signal if ¢ is a continuous variable. If ¢ is a discrete
variable, that is, x(¢) is defined at discrete times, then x(z) is a discrete-time signal. Since a
discrete-time signal is defined at discrete times, a discrete-time signal is often identified as
a sequence of numbers, denoted by {x,} or x[n], where n = integer. Illustrations of a
continuous-time signal x(7) and of a discrete-time signal x[n] are shown in Fig. 1-1.
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Fig. 1-1 Graphical representation of (a) continuous-time and (b) discrete-time signals.



A discrete-time signal x[n] may represent a phenomenon for which the independent
variable is inherently discrete. For instance, the daily closing stock market average is by its
nature a signal that evolves at discrete points in time (that is, at the close of each day). On
the other hand a discrete-time signal x[n] may be obtained by sampling a continuous-time

signal x(¢) such as
x(1y), x(t;),...,x(2,),--.
or in a shorter form as
x[0], x[1],..., x[n],...

or Xy Xpyeies Xpyunn
where we understand that

x, =x[n] =x(1,)
and x,’s are called samples and the time interval between them is called the sampling
interval. When the sampling intervals are equal (uniform sampling), then

x, =x[n] =x(nT))

where the constant 7, is the sampling interval.
A discrete-time signal x[n] can be defined in two ways:

1. We can specify a rule for calculating the nth value of the sequence. For example,

x\n|=x,= (%)" nz0
[n] =, 0 n<0
or () = {15460 (3)")

2. We can also explicitly list the values of the sequence. For example, the sequence
shown in Fig. 1-1(b) can be written as

{x,)=1(...,0,0,1,2,2,1,0,1,0,2,0,0,...}

or (x,)={1,2,2,1,0,1,0,2)

We use the arrow to denote the n =0 term. We shall use the convention that if no
arrow is indicated, then the first term corresponds to n =0 and all the values of the
sequence are zero for n <0,

The sum and product of two sequences are defined as follows:
{c.} ={a,} +{b,} —c,=a,+b,
{CH] = {aﬂ] bﬂ'} - Cﬂ = aﬂbﬂ

{c,} =afa, —c, =aa, « = constant



B. Analog and Digital Signals:

If a continuous-time signal x(¢) can take on any value in the continuous interval (a, b),
where @ may be —= and b may be + =, then the continuous-time signal x(r) is called an
analog signal. If a discrete-time signal x[n] can take on only a finite number of distinct
values, then we call this signal a digital signal.

C. Real and Complex Signals:

A signal x(1) is a real signal if its value is a real number, and a signal x(¢) is a complex
signal if its value is a complex number. A general complex signal x(r) is a function of the

form
x(r) =x,(r) +jx,(1) (1.1)

where x,(¢) and x,(t) are real signals and j=vV—1.
Note that in Eq. (1.7) t represents either a continuous or a discrete variable.

D. Deterministic and Random Signals:

Deterministic signals are those signals whose values are completely specified for any
given time. Thus, a deterministic signal can be modeled by a known function of time ¢.
Random signals are those signals that take random values at any given time and must be
characterized statistically. Random signals will not be discussed in this text.

E. Even and Odd Signals:

A signal x(t) or x[n] is referred to as an even signal if

x(=t)=x(t)

x[—n] =x[n] (1.2)
A signal x(¢) or x[n] is referred to as an odd signal if

x(—t) = —x(1)

x(-n] = ~x(n] ()

Examples of even and odd signals are shown in Fig. 1-2.
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Fig. 1-2 Examples of even signals (@ and b) and odd signals (¢ and d).




Any signal x(1) or x[n] can be expressed as a sum of two signals, one of which is even
and one of which is odd. That is,

x(t) =x,(r) +x,(t)

x(n] =x,n] +x,[n] W

where x, (1) =3{x(¢) +x(—1)) even part of x(r) Is
x,[n] = 3{x[n] +x[—n]} even part of x[n] (1)

x, (1) =3{x(t) —x(-1)} odd part of x(r) (1.6)

x,[n] = 3{x[n] —x[—-n]} odd part of x[n]

Note that the product of two even signals or of two odd signals is an even signal and
that the product of an even signal and an odd signal is an odd signal.

F. Periodic and Nonperiodic Signals:

A continuous-time signal x(¢) is said to be periodic with period T if there is a positive
nonzero value of T for which

x(t+T)=x(t) all ¢ (1.7)

An example of such a signal is given in Fig. 1-3(a). From Eq. (1.7) or Fig. 1-3(a) it follows
that

x(t+mT)=x(t) (1.8)

for all r and any integer m. The fundamental period T, of x(t) is the smallest positive
value of T for which Eq. (1.7) holds. Note that this definition does not work for a constant
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Fig. 1-3 Examples of periodic signals.



signal x(t) (known as a dc signal). For a constant signal x(¢) the fundamental period is
undefined since x(t) is periodic for any choice of T (and so there is no smallest positive
value). Any continuous-time signal which is not periodic is called a nonperiodic (or
aperiodic) signal.

Periodic discrete-time signals are defined analogously. A sequence (discrete-time
signal) x[n]is periodic with period N if there is a positive integer N for which

x[n+N]=x[n] all n (1.9)

An example of such a sequence is given in Fig. 1-3(b). From Eq. (1.9) and Fig. 1-3(b) it
follows that

x[n+mN]| =x[n] (1.10)

for all n and any integer m. The fundamental period N, of x[n] is the smallest positive
integer N for which Eq. (1.9) holds. Any sequence which is not periodic is called a
nonperiodic (or aperiodic) sequence.

G. Energy and Power Signals:

Consider v(r) to be the voltage across a resistor R producing a current i(¢). The
instantancous power p(r) per ohm is defined as

piry= 28D iz (1.11)

Total energy E and average power P on a per-ohm basis are

E=[ i3(t)dr joules (1.12)
1 12
P‘—— . = -2 )
TIer:D Tf-r/zl (t)dt watts (1.13)

For an arbitrary continuous-time signal x(¢), the normalized energy content E of x(t) is
defined as

E=] |x(1)) at (1.14)
The normalized average power P of x(t) is defined as
Pmtim = (7 |x()} dr 1.15
= 1um -— P ¢ ‘
Jim [ (1.15)

Similarly, for a discrete-time signal x[n], the normalized energy content E of x[n] is
defined as

E= Y [x[n]] (1.16)

ne —-w

The normalized average power P of x[n] is defined as
N

v |x[n]f? (1.17)

n=—N

P=1l
N]—rrnm ZN +1

Based on definitions (/.14) to (1.17), the following classes of signals are defined:
1. x(1) (or x[n]) is said to be an energy signal (or sequence) if and only if 0 < E < o, and
so P=10.
2. x(t)(or x[n)) is said to be a power signal (or sequence) if and only if 0 < P < =, thus
implying that E = =,
3. Signals that satisfy neither property are referred to as neither energy signals nor power
signals.



1.3 BASIC CONTINUOUS-TIME SIGNALS
A. The Unit Step Function:
The unit step function u(t), also known as the Heaviside unit function, is defined as

un={5 128 (1.18)

which is shown in Fig. 1-4(a). Note that it is discontinuous at ¢t = 0 and that the value at
t = 0 is undefined. Similarly, the shifted unit step function u(t - ¢,) is defined as

1 >t
u(t = ty) = {g <1, (1.19)

which is shown in Fig. 1-4(b).
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Fig. 1-4 (a) Unit step function; (b) shifted unit step function.

B. The Unit Impulse Function:

The unit impulse function 8(t), also known as the Dirac delta function, plays a central
role in system analysis. Traditionally, &(¢) is often defined as the limit of a suitably chosen
conventional function having unity area over an infinitesimal time interval as shown in
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Fig. 1-5 and possesses the following properties:
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Thus, 8(¢) cannot be an ordinary function and mathematically it is defined by

fm (1)8(1) dt = $(0) (1.20)

where &(t) is any regular function continuous at ¢ = 0.
Similarly, the delayed delta function 8(r —1,) is defined by

[ #(0)8(t = t5) dt = (1) (1.22)

where (1) is any regular function continuous at ¢ = t,. For convenience, &(t) and 8(1 —1,)
are depicted graphically as shown in Fig. 1-6.
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Fig. 1-6 {a) Unit impulse function; (b) shifted unit impulse function.

Some additional properties of 5(¢) are

dlat) = %6[:] (1.23)
d(—t1)=25(1) (1.24)
x(1)8(¢) = x(0)5(1) (1.25)
if x(¢) is continuous at r = (0.
x()8(t =t)=x(t,)8(t —1t,) (1.26)

if x(¢) is continuous at 1 =1,.
Using Eqgs. (7.22) and (1.24), any continuous-time signal x(t) can be expressed as

x(t)=[ x(r)8(t—1)ds (1.27)
the derivative of w(1) can be shown to be &(r) ; that is,

~du(1)

B(1)=u (1) = — (1.30)

Then the unit step function u(r) can be expressed as

u(r)=f;a(-,—)af (1.31)



C. Complex Exponential Signals:
The complex exponential signal

x(t) = e’ (1.32)
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Fig. 1-7 (a) Exponentially increasing sinusoidal signal; (h) exponentially decreasing sinusoidal signal.



is an important example of a complex signal. Using Euler’s formula, this signal can be
defined as

x(1) = /" = cos wyt + j sin wy! (1.33)

Thus, x(t) is a complex signal whose real part is cos w,f and imaginary part is sin w,f. An
important property of the complex exponential signal x(¢) in Eq. (1.32) is that it is
periodic. The fundamental period T, of x(r) is given by (Prob. 1.9)

2 |
Ty=— (1.34)

Wy

Note that x(¢) is periodic for any value of w,.

General Complex Exponential Signals:
Let 5 =0 + jw be a complex number. We define x(t) as
x(t)=e" = el = e (cos wt + jsin wt) (1.35)

Then signal x(¢) in Eq. (1.35) is known as a general complex exponential signal whose real
part e”'cosw! and imaginary part e” sinw! are exponentially increasing (o> 0) or
decreasing (o < 0) sinusoidal signals (Fig. 1-7).

Real Exponential Signals:
Note that if s = o (a real number), then Eq. (1.35) reduces to a real exponential signal
x(1) =e" (1.36)
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Fig. 1-8 Continuous-time real exponential signals. (@) & > 0; (b) o < 0.



As illustrated in Fig. 1-8, if o > 0, then x(¢) is a growing exponential; and if o <0, then
x(1) is a decaying exponential.

D. Sinusoidal Signals:
A continuous-time sinusoidal signal can be expressed as
x(t) =Acos(wyt + 0) (1.37)

where A is the amplitude (real), w, is the radian frequency in radians per second, and @ is
the phase angle in radians. The sinusoidal signal x(r) is shown in Fig. 1-9, and it is periodic
with fundamental period

2
T,=— (1.38)

wy

The reciprocal of the fundamental period T, is called the fundamental frequency f,:

1
fo==hertz (Hz) (1.39)
Ty

From Eqs. (1.38) and (1.39) we have
w,=2mf, (1.40)

which is called the fundamental angular frequency. Using Euler’s formula, the sinusoidal
signal in Eq. (1.37) can be expressed as

Acos(wyl +8) =A Rele/ ") (1.41)

where “Re” denotes “real part of.” We also use the notation “Im” to denote “imaginary
part of.” Then

Alm{e/ @ +9) = 4sin(w,t + ) (1.42)
xir)
A To=5
A cos B
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Fig. 1-9 Continuous-time sinusoidal signal.



1.4 BASIC DISCRETE-TIME SIGNALS

A. The Unit Step Sequence:
The unit step sequence u[n] is defined as

] =0
uln]={y 130 (1.43)

which is shown in Fig. 1-10{a). Note that the value of u[n] at n =0 is defined [unlike the
continuous-time step function u(t) at + = 0] and equals unity. Similarly, the shifted unit step
sequence u[n — k] is defined as
1 n=k
uln — k] —{U " (1.44)

which is shown in Fig. 1-10(b).
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Fig. 1-10  (a) Unit step sequence, (b) shifted unit step sequence.

B. The Unit Impulse Sequence:

The unit impulse (or unit sample) sequence 8[n) is defined as

R n=10
ﬁ“]‘&n n#0 (1.43)

which is shown in Fig. 1-11{a). Similarly, the shifted unit impulse (or sample) sequence
d[n — k] is defined as

sln-kl={y "Ik (1.46)

which is shown in Fig. 1-11(h).
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Fig. 1-11 (&) Unit impulse (sample) sequence; () shifted unit impulse sequence.



Unlike the continuous-time unit impulse function (), 8[n] is defined without mathe-
matical complication or difficulty. From definitions (7.45) and (7.46) it is readily seen that

x[n]8[n] =x[0])8[n] (1.47)

x[n]d[n— k] =x[k]5[n — k] (1.48)

which are the discrete-time counterparts of Egs. (7.25) and (1.26), respectively. From
definitions (1.43) to (1.46), 8[n] and u[n] are related by

8[n] =u[n] —u[n —1] (1.49)

u[n] = ¥ 8[K] (1.50)

k=—-=

which are the discrete-time counterparts of Eqs. (1.30) and (1.37), respectively.
Using definition (1.46), any sequence x[n] can be expressed as

x[n]= Y x[k]é[n—k] (1.51)

k= —o

which corresponds to Eq. (1.27) in the continuous-time signal case.

C. Complex Exponential Sequences:
The complex exponential sequence is of the form
x[n] = e/t (1.52)
Again, using Euler's formula, x[n] can be expressed as
x[n] = e = cos Qyn + jsin Qyn (1.53)

Thus x[n] is a complex sequence whose real part is cos {2,n and imaginary part is sin (,n.

Periodicity of e’"":

In order for e’ to be periodic with period N (> 0), (), must satisfy the following
condition (Prob. 1.11):

Q, m §rac i 1.54

=" m = positive integer (1.54)

Thus the sequence e%" is not periodic for any value of Q,. It is periodic only if Q,/27 is

a rational number. Note that this property is quite different from the property that the

continuous-time signal e/ is periodic for any value of w, Thus, if , satisfies the

periodicity condition in Eq. (1.54), Q,# 0, and N and m have no factors in common, then

the fundamental period of the sequence x[n] in Eq. (/.52) is N, given by

27
Another very important distinction between the discrete-time and continuous-time

complex exponentials is that the signals e’“* are all distinct for distinct values of @, but
that this is not the case for the signals e’/™”,
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Consider the complex exponential sequence with frequency ({1, + 2mk), where k is an
integer:
ej(l.'l.u+ 2wk __ H;ﬂunejz-rrkn

= eif (1.56)

since e’?™*" =1, From Eq. (1.56) we see that the complex exponential sequence at
frequency (), is the same as that at frequencies ({1, +2w), ({1, +4w), and so on.
Therefore, in dealing with discrete-time exponentials, we need only consider an interval of
length 27 in which to choose . Usually, we will use the interval 0 < Q, <27 or the
interval -7 <}, <.

General Complex Exponential Sequences:
The most general complex exponential sequence is often defined as
x[n] =Ca" (1.57)

where C and «a are in general complex numbers. Note that Eq. (1.52) is the special case of
Eq. (1.57) with C=1 and a = /™.

Real Exponential Sequences:

If C and a in Eq. (1.57) are both real, then x{n] is a real exponential sequence. Four
distinct cases can be identified: a > 1,0 <a <1, =1 <a <0, and a < — 1. These four real
exponential sequences are shown in Fig. 1-12. Note that if a«=1, x[n] is a constant
sequence, whereas if @ = — 1, x[n] alternates in value between +C and —C.

D. Sinusoidal Sequences:

A sinusoidal sequence can be expressed as
x[n] =Acos(Qun + 0) (1.58)

If n is dimensionless, then both €, and & have units of radians. Two examples of
sinusoidal sequences are shown in Fig. 1-13. As before, the sinusoidal sequence in Eq.
(1.58) can be expressed as

A cos(Qyn + 8) = A Refe/ M+ ) (1.59)

As we observed in the case of the complex exponential sequence in Eq. (1.52), the same
observations [Eqgs. (1.54) and (1.56)] also hold for sinusoidal sequences. For instance, the
sequence in Fig. 1-13(a) is periodic with fundamental period 12, but the sequence in Fig.
1-13(&) is not periodic.
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Transformations of the Independent Variable

siven x(at + 3), depending on the values of a and 3 we have
o time shift
e time reversal
s time scaling
We will investigate x(at + 3) given x(t) for different values of @ and 3.
o if || < 1, then = linearly stretched signal
o if o] = 1, then = linearly compressed signal
o if o << (), then = reversed in time

e if 3 =0, then = time advance (the signal shifts left)

e if 7 <0, then = time delay (the signal shifts right)

1.2.6 Signal Manipulations

In our study of discrete-time signals and systems we will be concerned with the manipulation of signals. These
manipulations are generally compositions of a few basic signal transformations. These transformations may be
classified either as those that are transformations of the independent variable » or those that are transformations
of the amplitude of x(n) (i.e., the dependent variable). In the following two subsections we will look briefly at
these two classes of transformations and list those that are most commonly found in applications.

Transformations of the Independent Variable

Sequences are often altered and manipulated by modifying the index n as follows:
y(n) = x(f(n)

where f(n) is some function of a. If, for some value of n, f(n) is not an integer, y(n) = x(f(n)) is undefined,
Determining the effect of modifying the index n may always be accomplished using a simple tabular approach
of listing, for each value of n, the value of f(n) and then setting y(n) = x(f(n)). However, for many index
transformations this is not necessary, and the sequence may be determined or plotted directly. The most common
transformations include shifting, reversal, and scaling, which are defined below.

Shifting This is the transformation defined by f(n) = n — ny. If y(n) = x(n — ng), x(n) is shifted to
the right by ng samples if ng is positive (this is referred to as a delay), and it is shifted to the left by ng
samples if ng is negative (referred to as an advance).

Reversal This transformation is given by f(n)= — n and simply involves “flipping” the signal x(n)
with respect to the index n.

Time Scaling This transformation is defined by f(n)=Mn or f(n)=n/N where M and N are
positive integers, In the case of f(n)= Mn, the sequence x(Mn) is formed by taking every Mth sample
of x(n) (this operation is known as down-sampling). With f(n)=n/N the sequence y(n)=x(f(n))is

defined as follows:
n
x| — n=0 &N, £2N,---
y(n) = (N)

0 otherwise

(this operation is known as up-sampling).



Examples of shifting, reversing, and time scaling a signal are illustrated in Fig. 1-2.

x(n)
3
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{a) A discrete-time signal.
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(b) A delay by ng = 2. () Time reversal.
x(2n) x(n/2)
3 3
2 2
1 n I n
-2 -1 1 2 3 4 5 6 7 8 -2 -1 I 2 3 4 5 6 7 8 9 1011
(d) Down-sampling by a factor of 2. {€) Up-sampling by a factor of 2.

Fig. 1-2. Illustration of the operations of shifting, reversal, and scaling of the independent variable ».

Shifting, reversal, and time-scaling operations are order-dependent. Therefore, one needs to be careful in
evaluating compositions of these operations. For example, Fig. 1-3 shows two systems, one that consists of a
delay followed by a reversal and one that is a reversal followed by a delay. As indicated, the outputs of these
two systems are not the same.

x(n) x(n —nq) x(—n — ng)
—_— Ty = T, -

(a) A delay T, followed by a time-reversal T,.

x(m) x(—n) x(—n + ng)

— T, - T, —

(b) A time-reversal T, followed by a delay T,,,,.

Fig. 1-3. Example illustrating that the operations of delay and reversal do
not commute.



Addition, Multiplication, and Scaling
The most common types of amplitude transformations are addition, multiplication, and scaling. Performing these
operations is straightforward and involves only pointwise operations on the signal.

Addition The sum of two signals

y(n) = x1(n) + x2(n) —00<n <00
is formed by the pointwise addition of the signal values.
Multiplication The multiplication of two signals
y(n) = x;(n)xz(n) —00<n<o0
is formed by the pointwise product of the signal values.

Scaling Amplitude scaling of a signal x(n) by a constant ¢ is accomplished by multiplying every
signal value by c:
y(n) = cx(n) -0 <h <0

This operation may also be considered to be the product of two signals, x(n) and f(n) = c.



1.5 SYSTEMS AND CLASSIFICATION OF SYSTEMS

A. System Representation:

A system is a mathematical model of a physical process that relates the input (or
excitation) signal to the output (or response) signal.

Let x and y be the input and output signals, respectively, of a system. Then the system
is viewed as a transformation (or mapping) of x into y. This transformation is represented
by the mathematical notation

y=Tx (1.60)

where T is the operator representing some well-defined rule by which x is transformed
into y. Relationship (1.60) is depicted as shown in Fig, 1-14(g). Multiple input and/or
output signals are possible as shown in Fig. 1-14(b). We will restrict our attention for the
most part in this text to the single-input, single-output case.

> System

T Syslem

Bl
¥ —
X

(a) (b)

Fig. 1-14 System with single or multiple input and output signals.

B. Continuous-Time and Discrete-Time Systems:

If the input and output signals x and y are continuous-time signals, then the system is
called a continuous-time system [Fig. 1-15(a)]. If the input and output signals are discrete-time
signals or sequences, then the system is called a discrete-time system [Fig. 1-15(b)).

x(1)

System

wWn

(a)

tin]

System
T

(h)

\!"]

Fig. 1-15 (a) Continuous-time system; (b) discrete-time system.

C. Systems with Memory and without Memory

A system is said to be memoryless if the output at any time depends on only the input
at that same time. Otherwise, the system is said to have memory. An example of a
memoryless system is a resistor R with the input x(7) taken as the current and the voltage
taken as the output y(r). The input-output relationship (Ohm’s law) of a resistor is

y(1) =Rx(r)

An example of a system with memory is a capacitor C with the current as the input x(r)
and the voltage as the output y(7); then

(1.61)

1
y(l)=g xx(r)dr (1.62)



A second example of a system with memory is a discrete-time system whose input and
output sequences are related by

y[n] = E_ x[k] (1.63)

D. Causal and Noncausal Systems:

A system is called causal if its output y(r) at an arbitrary time ¢ =, depends on only
the input x(¢) for ¢ < r,. That is, the output of a causal system at the present time depends
on only the present and /or past values of the input, not on its future values. Thus, in a
causal system, it is not possible to obtain an output before an input is applied to the
system. A system is called noncausal if it is not causal. Examples of noncausal systems are

yit)=x(r+1) (1.64)
y[n] =x[-n] (1.65)

Note that all memoryless systems are causal, but not vice versa.

E. Linear Systems and Nonlinear Systems:

If the operator T in Eq. (1.60) satisfies the following two conditions, then T is called a
linear operator and the system represented by a linear operator T is called a linear system:

1. Additivity:
Given that Tx, =y, and Tx, =y,, then
T{x, + x5} =y, +y, (1.66)
for any signals x, and x,.

2. Homogeneity (or Scaling):

T{ax)=ay (1.67)

for any signals x and any scalar a.
Any system that does not satisfy Eq. (1.66) and/or Eq. (1.67) is classified as a
nonlinear system. Equations (1.66) and (/.67) can be combined into a single condition as

T{a,x, +a,x,)=a,y, +a,y, (1.68)
where @, and a, are arbitrary scalars. Equation (1.68) is known as the superposition

property. Examples of linear systems are the resistor [Eq. (1.6J)] and the capacitor [Eq.
(1.62)). Examples of nonlinear systems are

y=x* (1.69)
¥y =C0os X (1.70)

Note that a consequence of the homogeneity (or scaling) property [Eq. (1.67)] of linear
systems is that a zero input yields a zero output. This follows readily by setting a« =0 in Eq.
(1.67). This is another important property of linear systems.



F. Time-Invariant and Time-Varying Systems:

A system is called rime-invariant if a time shift (delay or advance) in the input signal
causes the same time shift in the output signal. Thus, for a continuous-time system, the
system is time-invariant if

T{x(t —7)} =yt —7) (1.71)
for any real value of 7. For a discrete-time system, the system is time-invariant (or
shift-invariant) if

T{x[n —k}} =y[n— k] (1.72)
for any integer k. A system which does not satisfy Eq. (1.7]) (continuous-time system) or
Eq. (1.72) (discrete-time system) is called a time-varying system. To check a system for

time-invariance, we can compare the shifted output with the output produced by the
shifted input (Probs. 1.33 to 1.39).

G. Linear Time-Invariant Systems

If the system is linear and also time-invariant, then it is called a linear time-invariant
(LTI) system.

H. Stable Systems:

A system is bounded-input /bounded-output (BIBO) stable if for any bounded input x
defined by

x| <k, (1.73)
the corresponding output y is also bounded defined by
lyl<k, (1.74)

where k, and k, are finite real constants. Note that there are many other definitions of
stability. (See Chap. 7.)

I. Feedback Systems:

A special class of systems of great importance consists of systems having feedback. In a
feedback system, the output signal is fed back and added to the input to the system as
shown in Fig. 1-16.

x(r) ¥y
Sysiem

|

Fig. 1-16 Feedback system.

Invertibility

A system property that is important in applications such as channel equalization and deconvolution is invertibility.
A system is said to be invertible if the input to the system may be uniquely determined from the output. In order
for a system to be invertible, it is necessary for distinct inputs to produce distinct outputs. In other words, given
any two inputs x;(n) and x3(n) with x;(n) # x3(n), it must be true that y,(n) # ya(n).



L.1. A continuous-time signal x(¢) is shown in Fig. 1-17. Sketch and label each of the
following signals.

(a) x(r—=2); (b) x(2¢); (c) x(1/2); (d) x(—1)

x(1)

L1 1
-2-101 2 3 4 5 f

Fig. 1-17

(a) x(r— 2)is sketched in Fig. 1-18(a).
(b) x(21) is sketched in Fig. 1-18(b).
(e) x(r/2) is sketched in Fig. 1-18(c).
{d) x(—1)is sketched in Fig. 1-18(d).
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Fig. 1-18



1.2. A discrete-time signal x[n] is shown in Fig. 1-19. Sketch and label each of the
following signals.

(a) x[n =2}, (b) x[2n]); (¢) x[—=n]); (d) x[—n +2)

x{n|

101 23 45 n

Fig. 1-19

(a) x[n— 2] is sketched in Fig. 1-20a).
(b) x[2n] is sketched in Fig. 1-20(b).

(c) x[-n)is sketched in Fig. 1-20(c).
(d) x[—n + 2] is sketched in Fig. 1-20{d).

x{n-2) x| 2n)

—0 =

01 23 45067 n -1 0 3 n
(a) ib)

xl-n] x{-n+2]

3
L ]

543200 1 n 32 01 2 n
(c) (d)

Fig. 1-20



14. Using the discrete-time signals x,[n] and x,[n] shown in Fig. 1-22, represent each of
the following signals by a graph and by a sequence of numbers.

(@) y,[n]=x[n]+x,(n); (b) y,(n]=2x[n]); (¢) yn]=x[n]x,(n]

Ain)
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Fig. 1-22

x,in|

(a) y,[n]is sketched in Fig. 1-23(a). From Fig. 1-23(a) we obtain

yn]=(...,0,-2,-2,3,4,3,-2,0,2,2,0,...)
1

(b) y,[n] is sketched in Fig. 1-23(b). From Fig. 1-23(b) we obtain

yiln)={...,0,2,4,6,0,0,4,4,0,...)

(¢) yjln]is sketched in Fig. 1-23(c). From Fig. 1-23(¢) we obtain

wln] = x,[n] + x,|n]

viln]=1{...,0,2,4,0,...)
1

S 3

=

»lnl = 2x,n]

10

wyln] = x,[nxyln)

210

1 2345 67 n

(b)




1.9. Show that the complex exponential signal
x(1) = e
is periodic and that its fundamental period is 27 /w,,.

By Eq. (1.7), x(¢) will be periodic if

e_rwnf: +T) e}‘ﬁl,“f
Since

glwolt + T o {.:w“r!.ju[,?‘
we must have

el - | (1.78)
If w, =0, then x(¢) = 1, which is periodic for any value of T. If w, = 0, Eq. (1.78) holds if
wyl'=m2w  or T= m—i;t m = positive integer
]
Thus, the fundamental period T, the smallest positive T, of x(r) is given by 27 /w,.
L.11. Show that the complex exponential sequence
x[n] = /"
is periodic only if €2,/27 is a rational number.
By Eq. (1.9), x[n] will be periodic if
o IMokn + N _ piftyn g JIGN _ iflgn
or
e/ = | (1.79)
Equation (1.79) holds only if
QuN=m2mr m = positive integer
or
Eﬂ T rational number (1.80)
2w N

Thus, x[n] is periodic only if {1,/2 is a rational number.



1.20. Determine whether the following signals are energy signals, power signals, or neither.
(a) x(t)=e “u(t), a>0 (b) x(1) =Acos(w,t + @)
(c) x(1)=r1ult) (d) x[n]=(-0.5"uln]
(e) x[n]=uln) (f) x[n)=2e""

" - 1
(a) E-[ Ix(t)lzdl-j;e‘z“’dl=ﬂ<w

Thus, x(¢) is an energy signal.
(b) The sinusoidal signal x(1) is periodic with T,=2m/w, Then by the result from
Prob. 1.18, the average power of x(¢) is

1 Ty 2 Wo r2m/wy 2 2
P-ifo [x(2)]" dr zﬂ_]; A% cos?(wyt + 0) dr

2

Azwo 2'/~¢l A
[o E[l+cos(2wol+20)]dl-7<m

27
Thus, x(7) is a power signal. Note that periodic signals are, in general, power signals.

(172)°
= 0

y 1/2 2 ¢ T/2 X
(¢) E= lim x(0)|*dt = lim t2de= |
r~=f-m| (0 de= lim [ lim

1 (172)°

1 (172 3 L 72
Pe= lim — t)|"dt= lim — t?dr= lim =
im o -'r/zlx( )| de lim Tj;) t= lim ®

T = T—m T

Thus, x(¢) is neither an energy signal nor a power signal.
(d) By definition (/.16) and using Eq. (1.97), we obtain

E= i Ix[n]|2= i0.25"=
n=0

n=-x

4
=025 3<%

Thus, x[n) is an energy signal.

(e) By definition (1.17)

N

Ly “EENI‘["]I

N
1= i
L Mo 2N+ 1

im
Noe 2N+ 1

|
(N+1)== <o
=1} 2
Thus, x[n] is a power signal.
(f) Since [x[n]l=2e/| = 2)e!3"| = 2,
N

1 M
: 1 . 2
P= lim E = | E 2
Nov 2N+1n=_~|x["]' New 2N+ 1,

= |lim
N—==2N+1

Thus, x[n) is a power signal.

42N+1)=4<=



1.22. A continuous-time signal x(r) is shown in Fig. 1-27. Sketch and label each of the

following signals.

(a) x(Du(l = 1); (b) x([u(t) —u(r = DY () x()8(c - 3)

x(1)
2 -
1
L [=
10 1 '
Fig. 1-27
{a) By definition (/.19)
_I1 r<l1
u(i-1)= {ﬂ t>1
and x(Du(l = 1) is sketched in Fig. 1-28(a).
(6) By definitions (1.18) and (1.19)
i — 1y =1 0<r<1
u(r) —u(z=1) {[] otherwise
and x(¢Nulr) = ulr = 1)) is sketched in Fig. 1-28(f).
{c) By Eq.(1.26)

x(e)d(t—3)=x(3)8(¢ - 3) =
which is sketched in Fig. 1-28(c).

x(8) [ulr)ule-1))

il -1y
1 1
| 0 1 i 0
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xinb(e-3/2)
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Fig. 1-28
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b)



1.23. A discrete-time signal x[n] is shown in Fig. 1-29. Sketch and label each of the
following signals.

(a) x(nlull = nl; (b) x[nluln + 2] =ulnl); (¢) x[n)d[n = 1]

x[n]

At

0 1 2 3 4

Fig. 1-29
(@) By definition ({.44)
|1 n<l
ult =n} = {U n=>1

and x[n]ull — n) is sketched in Fig. 1-30{a).

() By definitions (7.43) and (1.44)
R ~2<n <0
uln +2] - u[n] = {[] otherwise

and x[nluln + 2] —uln]) is sketched in Fig. 1-30(b).
(¢) By definition (1.48)
x[n]ﬁ[n-]]=x[l]&[ﬂ-I]-S[n—l]-{(]] "l

which is sketched in Fig. 1-30(c).

x|mju|1-n) tfn]{ulm+2]-uln])
l | |
i J' T — i ]' AL L L
432 1 n 3240 01 23 "
{a) (h
xlnlB|n-1]
]L
L Il r Il L L ——
20 001 2 3 4 n
(c)

Fig. 1-30



1.32. Consider the RC circuit shown in Fig. 1-32. Find the relationship between the input
x(1) and the output y(r)

(a) If x(t)=uv/(t) and y(t) =v(1).
(b) If x(¢)=wv,(¢t) and y(t) =i(1).

(a) Applying Kirchhoff's voltage law to the RC circuit in Fig. 1-32, we obtain

) =Ri(t) + v (1) (1.103)
The current i(¢) and voltage v(r) are related by
i(r) =Cd”"m (1.104)
dt
Letting v,(1) = x(¢) and v, (1) = y(¢) and substituting Eq. (1.04) into Eq. (1.103), we obtain
RCd];{;} +y(1) =x(1)
or
A SO LN N (1.105)
dr RC RC

Thus, the input-output relationship of the RC circuit is described by a first-order linear
differential equation with constant coefficients.
(b) Integrating Eq. (1.104), we have

1 .
(1) =Ef_xi'(f)d1' (1.106)

Substituting Eq. (7.106) into Eq. (1.103) and letting ¢ (¢) = x(¢) and i(r) = y(r), we obtain

1
Ry(1) + Ef wy{r]d1-=x|f!)

or

1 ; 1
¥(r) t2C _ZF{T)dT=EIU]

R
AAAN— —
+ + T
v,(r) ili) c (1)

Differentiating both sides of the above equation with respect to r, we obtain
dy(r) 1 1 dx(t)
a "RV TR a

Thus. the input-output relationship is described by another first-order linear differential
equation with constant coeflicients.

|

Fig. 1-32 RC circuit.

(1.107)



1.34. Consider the system shown in Fig. 1-35. Determine whether it is (@) memoryless, (b)
causal, (¢) linear, (d) time-invariant, or (e) stable.

(a)

(b)

(c)

From Fig. 1-35 we have

y(r)=T{x(1)} =x(r)cos w.r
Since the value of the output y(¢) depends on only the present values of the input x(¢),
the system is memoryless,

Since the output y(t) does not depend on the future values of the input x(r), the system
is causal.

Let x(1) =, x(¢r) + ayx(¢). Then
y(t)=T{x(1)}) = [alxl{:} +az-"2{'}] COs w1
= x,(1)cos w.t +asx,(1)cosw.t
=a,y,(1) +azy,(1)
Thus, the superposition property (1.68) is satisfied and the system is linear.

¥ = xir) cos w.r
-

()

(d) Let y,(¢) be the output produced by the shifted input x,(¢) = x(¢ - ¢,). Then

(el

yi(t) =Tlx(t = t5)) =x(t — 1) cos w t
But
ylr—ty)=x(t —ry)cosw (t — 1) =y,(1)
Hence, the system is not time-invariant.
Since |cos @, t| < 1, we have
lv(t)l=lx(t)cos w1 <|x(1)l

Thus, if the input x{r) is bounded, then the output y{r) is also bounded and the system is
BIBO stable.

1.35. A system has the input-output relation given by

y=T{x) =x? (1.110)

Show that this system is nonlinear.

T{x, +x,) =(x, +x,) =xl+x2+2xx,

#T{x,} +T{x,} =x?+x3

Thus, the system is nonlinear.



1.36. The discrete-time system shown in Fig, 1-36 is known as the unit delay element.
Determine whether the system is (@) memoryless, (b) causal, (¢) linear, (d) time-
invariant, or (e) stable.

(a)

(b)
(c)

(d)

(e)

The system input-output relation is given by
v[n] =T{x[n]} =x[n -1] (1.111)

Since the output value at n depends on the input values at n — 1, the system is not
memoryless.

Since the output does not depend on the future input values, the system is causal.
Let x{n]|=a x ,[n] + a,x,[n]. Then
y[n]=Tlayx,[n] +ayx;[n]} =ax[n - 1]+ ayxy[n - 1]
=a,y,[n] +a,y,[n]
Thus, the superposition property (1.68) is satisfied and the system is linear.
Let y,[n] be the response to x,[n] =x[n —ngyl. Then
wln]l=Tx,[n]}=x[n=1]=x[n=1-n]
and y[n=ny] =x[n=n,=1]=x[n=1=n,] =y[n]

Hence, the system is time-invariant.

x{n] Unit ¥ln] = xla-1]

Fig. 1-36 Unit delay element

Since
ly[n]l=lx[n=1])I<k if |x[n]l <k for all n

the system is BIBO stable.

1.37. Find the input-output relation of the feedback system shown in Fig. 1-37.

' i
v, i
' |
Anl Unit i Mnl
: I o= delay : —=
L} - ]
' f
i i
i '
i 1
'
Fig. 1-37

From Fig. 1-37 the input to the unit delay element is x[n] — y[n]. Thus, the output y[n] of

the unit delay element is [Eq. (1.111)]

y[n] =.r[r1 —1]=-y[n-1]

Rearranging, we obtain

y[n]+y[n—=1]=x[n-1] (1.112)

Thus the input-output relation of the system is described by a first-order difference equation
with constant coefficients.



1.38. A system has the input-output relation given by
y[n] =T{x[n]} = nx[n] (1.113)

Determine whether the system is (@) memoryless, (b) causal, (¢) linear, (d) time-in-
variant, or (e) stable.

{a) Since the output value at n depends on only the input value at n, the system is
memoryless,
(b) Since the output does not depend on the future input values, the system is causal.

(c) Let x[n]=a,x,[n]+a,x,[n]. Then
y[n]=T{x[n]} =nla,x,[n] +a,x,[n])
=anx,[n] +ane,[n] =a,y [n] +a,y,[n]

Thus, the superposition property (1.68) is satisfied and the system is linear.

xin] = uln) v[n] = nujn|

IR I 2!”]... X

2-1 012 3 4 n

&
2-1 01 2 3 4

3

Fig. 1-38

(d) Let y,[n] be the response to x,[n] =x[n —n,]. Then
viln]=T{x[n - ng]} = nx[n - n,)
But y[n—=ng]l=(n—ny)x[n—ng] #y,[n]

Hence, the system is not time-invariant.

(e) Let x[n]=u[n). Then yln]=nu[n). Thus, the bounded unit step sequence produces an
output sequence that grows without bound (Fig. 1-38) and the system is not BIBO stable.



Linear Time-Invariant Systems

2.1 INTRODUCTION

Two most important attributes of systems are linearity and time-invariance. In this
chapter we develop the fundamental input-output relationship for systems having these
attributes. It will be shown that the input-output relationship for LTI systems is described
in terms of a convolution operation. The importance of the convolution operation in LTI
systems stems from the fact that knowledge of the response of an LTI system to the unit
impulse input allows us to find its output to any input signals. Specifying the input-output
relationships for LTI systems by differential and difference equations will also be dis-
cussed.

2.2 RESPONSE OF A CONTINUOUS-TIME LTI SYSTEM AND
THE CONVOLUTION INTEGRAL

A. Impulse Response:

The impuise response h(t) of a continuous-time LTI system (represented by T) is
defined to be the response of the system when the input is 8(t), that is,

h(1) = T(8(1)) (2.1)

B. Response to an Arbitrary Input:
From Eq. (1.27) the input x(¢) can be expressed as

x(t)= [ x(r)b(t~7)dr (2.2)

—

Since the system is linear, the response y(r) of the system to an arbitrary input x(r) can be
expressed as

y(t) =T{x(1)) =T{f x(1)8(t - T]d"r}

— o

= [ x(r)T{3(c 7)) dr (2.3)
Since the system is time-invariant, we have
h{f—f)=T{6{r~r}} (2.4)

Substituting Eq. (2.4) into Eq. (2.3), we obtain

y{r)=f x(1)h(t —1)d7 (2.5)



Equation (2.5) indicates that a continuous-time LTI system is completely characterized by
its impulse response A(r).

C. Convolution Integral:

Equation (2.5) defines the convolution of two continuous-time signals x{r) and h(r)
denoted by

y[f)=x(.r]*h(:]=fj= x(7T)h(t —7)dr (2.6)

Equation (2.6) is commonly called the convolution integral. Thus, we have the fundamental
result that the output of any continuous-time LTI system is the convolution of the input x(1)
with the impulse response h(t) of the system. Figure 2-1 illustrates the definition of the
impulse response h(t) and the relationship of Eq. (2.6).

Bi{7) LTI hir)
e o —
X0 sysiem W) = x(0) » h(D)

Fig. 2-1 Continuous-time LTI system.

D. Properties of the Convolution Integral:
The convolution integral has the following properties.

1. Commutative:

x(t)*h(1) =h(t)* x(1) (2.7)

2. Associative:
{(x(£)* hy(0)} = hy(r) =x(2)+ {h(1) = hy(1)) (2.8)

3. Distributive:
x(t)={h(0)) +ho(0)) =x(t)* h(t) +x(1)* hy(1) (2.9)

E. Convolution Integral Operation:
Applying the commutative property (2.7) of convolution to Eq. (2.6), we obtain

y(n.')==JF1(|I}-“.1:{!'}|-lfl= h(t)x(r=r)dr (2.10)

which may at times be casier to evaluate than Eq. (2.6). From Eq. (2.6) we observe that
the convolution integral operation involves the following four steps:

1. The impulse response hi(r) is time-reversed (that is, reflected about the origin) to
obtain h( —7) and then shifted by ¢ to form h(t = 7) = h[ (7 = )] which is a function
of T with parameter .

2. The signal x(7) and h(r — 7) are multiplied together for all values of = with ¢ fixed at
some value.



3. The product x(7)h(t —7) is integrated over all = to produce a single output value
yli).

4, Steps 1 to 3 are repeated as ¢ varies over — = to = to produce the entire output y(1).

Examples of the above convolution integral operation are given in Probs. 2.4 to 2.6.

F. Step Response:

The step response s(1) of a continuous-time LTI system (represented by T) is defined to
be the response of the system when the input is w(t); that is,

s(t) =T{u(r)) (2.11)

In many applications, the step response s(t) is also a useful characterization of the system.
The step response s(¢) can be easily determined by Eq. (2 10); that is,

s(1) =h(t)su(t)= [ h(r)u(t—7)dr=[" h(r)dr (2.12)
Thus, the step response s(1) can be obtained by integrating the impulse response hlt),
Differentiating Eq. (2.12) with respect to ¢, we get

o ds(r)
h(r) =s'(1) = — (2.13)

Thus, the impulse response h(r) can be determined by differentiating the step response

s(1).

2.3 PROPERTIES OF CONTINUOUS-TIME LTI SYSTEMS

A. Systems with or without Memory:

Since the output y(t) of a memoryless system depends on only the present input x(r),
then, if the system is also linear and time-invariant, this relationship can only be of the
form

y(t)=Kx(1) (2.14)
where K is a (gain) constant. Thus, the corresponding impulse response h(¢) is simply
h(t)=Ka(t) (2.15)

Therefore, if h(1,) # 0 for 1, # 0, the continuous-time LTI system has memory.

B. Causality:

As discussed in Sec. 1.5D, a causal system does not respond to an input event until that
event actually occurs. Therefore, for a causal continuous-time LTI system, we have

h(t)=0 t<0 (2.16)

Applying the causality condition (2.16) to Eq. (2.10), the output of a causal continuous-time



LTI system is expressed as

v(1)= [ h(z)x(t-7)dr (2.17)
]
Alternatively, applying the causality condition (2.16) to Eq. (2.6), we have

y(:)=[' x()h(t — 1) dr (2.18)

Equation (2.78) shows that the only values of the input x(r) used to evaluate the output
y(t) are those for r <t.
Based on the causality condition (2.16), any signal x(r) is called causal if

x(1)=0 <0 (2.19a)
and is called anticausal if
x(t)=0 t>0 (2.19b)

Then, from Eqs. (2.17),(2.18), and (2.]19a), when the input x(¢) is causal, the output y(r)
of a causal continuous-time LTI system is given by

y(1) = [(h(z)x(t = 7)dr = [x(2)h(t = 1) d7 (2.20)
0 0

C. Stability:

The BIBO (bounded-input /bounded-output) stability of an LTI system (Sec. 1.5H) is
readily ascertained from its impulse response. It can be shown (Prob. 2.13) that a
continuous-time LTI system is BIBO stable if its impulse response is absolutely integrable,
that is,

[ h(r)ldr <o (2.21)



2.5 SYSTEMS DESCRIBED BY DIFFERENTIAL EQUATIONS
A. Linear Constant-Coefficient Differential Equations:

A general Nth-order linear constant-coefficient differential equation is given by

Nooodq vty M dfx(r)
L a, r b

k=0 dt* h.&:u de* 12.5)
where coefficients a, and b, are real constants. The order N refers to the highest
derivative of y(1) in Eq. (2.25). Such differential equations play a central role in describing
the input-output relationships of a wide variety of electrical, mechanical, chemical, and
biological systems. For instance, in the RC circuit considered in Prob. 1.32, the input
x(t)=wv,(t) and the output y(t) =1 (1) are related by a first-order constant-coefficient
differential equation [Eq. (1.105)]

dy(r) 1 ]
-t E}{” = EI“}

The general solution of Eq. (2.25) for a particular input x(¢) is given by
y(r) =y, (1) +y,(1) (2.26)

where y (1) is a particular solution satisfying Eq. (2.25) and y,(t) is a homogeneous
solution {or complementary solution) satisfying the homogeneous differential equation

M dk}lh{”
E ai‘ dri =

k=10

(2.27)

The exact form of y,(1) i1s determined by N auxiliary conditions. Note that Eq. (2.25) does
not completely specify the output y(r) in terms of the input x(r) unless auxiliary
conditions are specified. In general, a set of auxiliary conditions are the values of

dy(r) d"'y(r)
de U AN

y(r),

at some point in time.

B. Linearity:

The system specified by Eq. (2.25) will be linear only if all of the auxiliary conditions
are zero (sec Prob, 2.21). If the auxiliary conditions are not zero, then the response y(1) of
a system can be EXDI‘CSSC{] as

y(£)=yalt) +y,(1) (2.28)

where y,(1), called the zero-inpui response, is the response to the auxiliary conditions, and
y,(t), called the zero-state response, is the response of a linear system with zero auxiliary
conditions. This is illustrated in Fig. 2-2.

Note that y, (¢} #y,(t) and y,(t) =y (1) and that in general y,(t) contains y, (1) and
y,(t) contains both y,(1) and y (1) (see Prob. 2.20).

x(f) Linear ¥, (1) @_ylf)

system +

+

¥, (0
Fig. 2-2 Zero-state and zero-input responses.



2.6 RESPONSE OF A DISCRETE-TIME LTI SYSTEM AND CONVOLUTION SUM
A. Impulse Response:

The impulse response (or unit sample response) h{n] of a discrete-time LTI system
(represented by T) is defined to be the response of the system when the input is 8[n], that
is,

h[n] =T{(8[n]} (2.30)

B. Response to an Arbitrary Input:
From Eq. (1.51) the input x[n] can be expressed as

=

x[n)= ¥ x[k]8[n—k] (2.31)
k=—=

Since the system is linear, the response y[n] of the system to an arbitrary input x[n] can be

expressed as

w0

y[n] =T{x[n]} =T k_delk] 8[n — k]

- Y x[kT(5[n - K]} (2.32)

K= —x
Since the system is time-invariant, we have
h{n—k] =T{&[n - k]) (2.33)
Substituting Eq. (2.33) into Eq. (2.32), we obtain

ylnl= X x[k]h|n k]| (2.34)
k=—=
Equation (2.34) indicates that a discrete-time LTT system is completely characterized by its
impulse response h[n].

C. Convolution Sum:

Equation (2.34) defines the convolution of two sequences x[n] and h[n) denoted by
y[n) =x[n)*h[n] = ¥ x[k|h[n-k] (2.35)
k= -=

Equation (2.35) is commonly called the convolution sum. Thus, again, we have the
fundamental result that the output of any discrete-time LTI system is the convolution of the
input x{n) with the impulse response h[n] of the system.

Figure 2-3 illustrates the definition of the impulse response A[n] and the relationship
of Eq. (2.35).

8(n] LT hin)
system

x{n]
Fig. 2-3 Discrete-time LTI system.

vin] = xin] « Ajn)

D. Properties of the Convolution Sum:

The following properties of the convolution sum are analogous to the convolution
integral properties shown in Sec. 2.3.



1. Commutative:

x[n]*h[n] =h[n]* x[n) (2.36)

2. Associative:
{x[n] = hy[n]}xhy[n] =x[n]«{h[n] = hy[n]] (2.37)

3. Distributive:
x[n]#{h,[n]} +hy[n]} =x[n] « k[n] +x[n]+ hy[n] (2.38)

E. Convolution Sum Operation:

Again, applying the commutative property ( 2.36) of the convolution sum to Eq. (2.35),
we obtain

yln] =h[n]=x[n] = ﬁ hlk]x[n—k] (2.39)
k=

which may at times be easier to evaluate than Eg. (2.35). Similar to the continuous-time
case, the convolution sum [Eq. (2.35)] operation involves the following four steps:

1. The impulse response A[k] is time-reversed (that is, reflected about the origin) to
obtain A[—k] and then shifted by n to form Aln — k] =h[—(k —n)] which is a
function of & with parameter n.

2. Two sequences x[k] and A[n — k] are multiplied together for all values of k with n
fixed at some valuc.

3. The product x[k]h[n — k] is summed over all ¥ to produce a single output sample
ylnl
4. Steps | to 3 are repeated as n varies over — to % to produce the entire output y[n).

Examples of the above convolution sum operation are given in Probs. 2.28 and 2.30.

F. Step Response:
The step response s[n) of a discrete-time LTI system with the impulse response A[n] is
readily obtained from Eq. (2.39) as

s{n]zh[n]*u[n]=k=§£ h[k]u[n—k]=k:';:: hlk] (2.40)

From Eq. (2.40) we have
h{n) =s[n] —s[n 1] (2.41)

Equations ( 2.40) and (2.4]) are the discrete-time counterparts of Egs. (2.72) and (2.13),
respectively.

2.7 PROPERTIES OF DISCRETE-TIME LTI SYSTEMS
A. Systems with or without Memory:

Since the output y[#n] of a memoryless system depends on only the present input x[n],
then, if the system is also linear and time-invariant, this relationship can only be of the



form

y[n] = Kx[n] (2.42)
where K is a (gain) constant. Thus, the corresponding impulse response is simply
h[n] = Ké[n] (2.43)

Therefore, if h[n,] # 0 for n, # 0, the discrete-time LTI system has memory.

B. Causality:

Similar to the continuous-time case, the causality condition for a discrete-time LTI
system is

h(n] =0 n<0 (2.44)

Applying the causality condition (2.44) to Eq. (2.39), the output of a causal discrete-time
LTI system is expressed as

yln] = ¥ hlk)x[n-k] (2.45)
k=0
Alternatively, applying the causality condition (2.44) to Eq. (2.35), we have
yln]= Y x[k]h[n—-k] (2.46)
'

Equation (2.46) shows that the only values of the input x{n] used to evaluate the output
yln) are those for k < n.

As in the continuous-time case, we say that any sequence x[n] is called causal if
x[n]=0 n<0 (2.47a)
and is called anticausal if
x[n]=0 nz0 (2.47b)

Then, when the input x[n] is causal, the output y[n)] of a causal discrete-time LTI system
is given by

yinl = £ h{k]x[n—k] = & x[k]A(n -] (2.48)

k=1 k=0

C. Stability:

It can be shown (Prob. 2.37) that a discrete-time LTI system is BIBO stable if its
impulse response is absolutely summable, that is,

x

Y h[k]l<e (2.49)

k= -



2.9 SYSTEMS DESCRIBED BY DIFFERENCE EQUATIONS

The role of differential equations in describing continuous-time systems is played by
difference equations for discrete-time systems.

A. Linear Constant-Coefficient Difference Equations:

The discrete-time counterpart of the general differential equation (2.25) is the Nth-
order linear constant-coefficient difference equation given by

N M
Y a,y[n—k]= ¥ bex[n k] (2.53)
k=[ k=

where coefficients a, and b, are real constants. The order N refers to the largest delay of
yln] in Eq. (2.53). An example of the class of linear constant-coefficient difference
equations is given in Chap. 1 (Prob. 1.37). Analogous to the continuous-time case, the
solution of Eq. (253) and all properties of systems, such as linearity, causality, and
time-invariance, can be developed following an approach that directly parallels the
discussion for differential equations. Again we emphasize that the system described by Eq.
(2.53) will be causal and LTI if the system is initially at rest.

B. Recursive Formulation:

An alternate and simpler approach is available for the solution of Eq. (2.53). Rear-
ranging Eq. (2.53) in the form

1 M N
y[n]=—{ byx[n—k] - Y a,y[n-k] (2.54)

Ay \ k=0 k=1
we obtain a formula to compute the output at time n in terms of the present input and the
previous values of the input and output. From Eq. (2.54) we see that the need for auxiliary
conditions is obvious and that to calculate y[n] starting at n =n,, we must be given the
values of yln,— 1], y[n,—2),..., y[nn,— N] as well as the input x[n] for n = n,— M. The
general form of Eq. (2.54) is called a recursive equation since it specifies a recursive
procedure for determining the output in terms of the input and previous outputs. In the



special case when N =0, from Eq. (2.53) we have
i M
pin) = | L bustn 4] (2.55)
Qg k=0

which is a nonrecursive equation since previous output values are not required to compute
the present output. Thus, in this case, auxiliary conditions are not needed to determine

yln].

C. Impulse Response:

Unlike the continuous-time case, the impulse response h{n] of a discrete-time LTI
system described by Eq. (2.53) or, equivalently, by Eqg. (2.54) can be determined easily as

1 | M N
h{n] =—{ byd[n—k]— ) a.h[n—k] (2.56)
9 \k=0 k=1
For the system described by Eq. (2.55) the impulse response h[n] is given by
1 M b 0 M
h[n] = — Ebﬁa[n—k]=( n/ @ =n= (2.57)
g p-o 0 otherwise

Note that the impulse response for this system has finite terms; that is, it is nonzero for
only a finite time duration. Because of this property, the system specified by Eq. (2.55) 1s
known as a finite impulse response (FIR) system. On the other hand, a system whose
impulse response is nonzero for an infinite time duration is said to be an infinite impulse
response (1IR) system. Examples of finding impulse responses are given in Probs. 2.44 and
2.45. In Chap. 4, we will find the impulse response by using transform techniques.



2.4,

The input x(¢) and the impulse response A(t) of a continuous time LTI system are

given by
x(t)=u(r) h(t)=e “u(t), a>0
(a) Compute the output y(¢) by Eq. (2.6).
(b) Compute the output y(r) by Eq. (2.10).
(a) By Eq.(2.6)
(1) =x(1)xh(1) = [ x(+)h(1—7) dr
Functions x(7) and h(t — 7) are shown in Fig. 2-4(a) for r <0 and ¢ > 0. From Fig. 2-4(a)
we see that for r <0, x(7) and A(t — 7) do not overlap, while for r = 0, they overlap from
r=0to 7=t Hence, for t <0, y(¢) =0. For 1 > (), we have
[} I
1) = e—at;—nd —=pal 20T of
vt} J; T J;J{, T
1 1
=g llF_(er!f — 1} i _(l _E--ﬂ-J‘]
[y o
Thus, we can write the output y(r) as
1
y(r) = E(l—-‘—’_m}“(") (2.64)
(b) By Eq.(2.10)

y(£) =h(t) = x(1) = [:h(f)x(: —5)d+

Functions A(7) and x(¢ — 7) are shown in Fig. 2-4(b) for t <0 and ¢ > 0. Again from Fig.
2-4(b) we see that for ¢ <0, h(7) and x(r - 7) do not overlap, while for ¢ > 0. they overlap
from 7= (0 to r=1t. Hence, for t <0, y(t) = 0. For ¢ > 0, we have

1
y(1) = [leordr=—(1-e")
0 @
Thus, we can write the output y(r) as
l -
y(r) = ;(1 —e Yu(r) (2.65)

which is the same as Eq. (2.64).

x(7) hit)

-y

0



hit-71) Xt - 1)
1<0 <
%-'1 | —_— - - 1
! 0 : ] 1] :
hir - 1) Xt =T
>0 I =0
| ﬁ
0 f T 0 i :
(a1) ()
Fig. 2-4

2.14. The system shown in Fig. 2-17(a) is formed by connecting two systems in cascade. The
impulse responses of the systems are given by h (1) and h,(1), respectively, and

h(t)=e *u(r) hy(t)=2e "u(r)
(@) Find the impulse response h(t) of the overall system shown in Fig. 2-17(b).
(b) Determine if the overall system is BIBO stable.

=) wir) M)

—— T hltl':l il!(l'] ———
(a)
x(1) ¥lr)
—pe{ A1)
&)
Fig. 2-17
(a) Let w(t) be the output of the first system. By Eq. (2.6)
w(t) =x(1)+h(1) (2.78)
Then we have
y(r) =w(t)xhy(1) = [x(r)*h(e)]*hy(1) (2.79)
But by the associativity property of convolution (2.8), Eq. (2.79) can be rewritten as
y(t) =x(r)*[hy(t) = hy(r)] =x(1)* h(t) (2.80)

Therefore, the impulse response of the overall system is given by
h(1) =h,(1)* hy(1) (2.81)



Thus, with the given A (1) and h4(t), we have

h(e) = " (o =r)ydr= [ e u(r)2e " u(t = 1) dr

- 2.».-"f'= e Tu(ru(r-r)dr= 28"[fe”d1]u(r]
o

=2(e ~e u(1)

(b) Using the above h{r), we have

jilh(.-ndr=2f{e"'—f‘h)df=2“.2‘? dr— [ -zfdr]
=‘2{l-—-f,:}-=1{:c

Thus, the system is BIBO stable.

2.20. Consider a continuous-time system whose input x(r) and output y(r) are related by

dy(t)
dt

+ay(t)=x(t) (2.101)

where a is a constant.
(a) Find y(r) with the auxiliary condition y(0) =y, and
x(t)=Ke "u(r) (2.102)
(b) Express y(r) in terms of the zero-input and zero-state responses.
(a) Let
y(t) =y, (1) +y,(1)
where y,(¢) is the particular solution satisfying Eq. (2.101) and y,(t) is the homogeneous
solution which satisfies
dyu(1)
dt

+ay(t)=0 (2.103)

Assume that

vp(t) =Ae 1>0 (2.104)
Substituting Eq. (2.104) into Eq. (2.101), we obtain

~bde M +ade ' =Ke "
from which we obtain 4 = K/(a — b), and

K
yp(t) = a_be"” >0 (2.105)

To obtain y,(r), we assume



ya(t) = Be"
Substituting this into Eq. (2.103) gives
sBe’ +aBe" = (s +a)Be' = ()
from which we have s = —g and
ya(t) = Be
Combining y,(r) and y, (1), we get

K
y(1) =Be™* + ——e~> (>0 (2.106)

From Eq. (2.106) and the auxiliary condition y(0) =y,, we obtain
K
a-b

Thus, Eq. (2.7106) becomes

K
)e"'+ e ¥ t>0 (2.107)

y(')-(yo- '

a-b

For 1 <0, we have x(1) =0, and Eq. (2.10]) becomes Eq. (2 103). Hence,

y(t)=RBe ™ =0
From the auxiliary condition y(0) =y, we obtain
y(t) =ype t<0 (2.108)

(b) Combining Eqs. (2.107) and (2.108), v(t) can be expressed in terms of y,(r) (zero-input
response) and v, (1) (zero-state response) as

K
yit)=ye "+ a_ (E_-M_E_“]"{"}

b
=}rri{f)+5"zﬁ[x") [‘2}&9)
where Yalt) =ype (2.110a)

K
yn[.']zm(e_“—f"”}u{r} (2.110b)



2.28. The input x[n] and the impulse response h(n] of a discrete-time LTI system are given

by

x[n] = u[n] h(n] =a"u[n] 0<a<l
(a) Compute the output y[n] by Eq. (2.35).

(b) Compute the output y[n] by Eq. (2.39).

(a) By Eqg. (2.35) we have

yn]=x[n])=h[n]= 3 x[k]h[n—k]

k= —=

Sequences x[k] and h{n — k] are shown in Fig. 2-20{a) for n <0 and n > 0. From Fig.
2-2((a) we see that for n <0, x[k] and h[n — k] do not overlap, while for n = 0, they
overlap from k =0 to k =n. Hence, for n <0, y[n] =0. For n = 0, we have

yln]= T an*

Changing the variable of summation k& to m =n — k and using Eq. (1.90), we have

(1] n l_ak'l
fal= L am= ¥ a"= —
m=n m=0 Ta
x[k]
08— - -
2 -1 01 2 3 k
hin - k]
1E n<{
—.—l—t—l—I—I—O—H -
n 0 k
(b}
hin - k]




Thus, we can write the output y[n] as

y[ﬂ]z(-—l-_T]u[n] (2.134)

which is sketched in Fig. 2-20(h).
(h) By Eq.{239)

sln)=hlnlsxinl = T alk]xln—k)

Sequences Alk] and x[n — k] are shown in Fig. 2-21 for 1 <0 and n > (. Again from Fig.
2-21 we see that for n <0, h[k] and x[n = k] do not overlap, while for n = 0, they overlap
from k =0 to k = n. Hence, for n <0, y[n] = 0. For n = 0, we have

1_an+i

)= L ak=
k=0 —a

Thus, we obtain the same result as shown in Eq. (2.734).

hlk]

— T"T!

nmj

lr[n-k]
[ ] 9 @ I n»0

10 n
Fig. 2-21

=y

=Y

Lol )



2.30. Evaluate y[n]=x[nl+hln], where x[n] and h[n] are shown in Fig. 2-23, (a) by an

analytical technigue, and (b) by a graphical method.

x|

o
-

1.,

-l— on 23 n
Fig. 2-23

{(a) Note that x[n] and hln] can be expressed as

x[n] =8[n]+8[n—-1]+8[n-2]+8n-3]

h[n]=8[n]+8[n-1]+86[n-2]

MNow, using Eqgs. (2.38), (2.130), and (2.131), we have

x[n]=h[n] =x[n]={6[n]+8[n—1]+8[n-2]}
=x[n]*8[n]+x[n]*8[n—=1]+x[n]*&[n-2]}

=x[n]+x[n=1]+x[n-2]

Thus vin]=8[n]+8[n—-1]+8[n—-2]+8[n-3]
+d8[n—=1]+8[n—-2]+8[n-3]+8[n—-4]
+8[n-2]+8[n-3]+8[n—-4]+6[n-5]

or y[n}=8[n]+28[n—-1]+38[n—-2]+38[n—-3]+28[n—-4]+8[n-5]

or v[n]=1{1,2,3,3,2,1)}

(k]

y

1 x[k]
1

- I I - o ] ] Ii—-.—-.—ﬂ—-——-—-'l-
1012 3 4 k 00102 3 4 k
hin - k] x[k}hin - k)
n=0
—O—I—I—I—H—O—H—O—H—O—> —_———
43201 2 3 4 k o123 4 k
l hlm - k] 11Ik|ﬁ|n-t]
I I n=10
& 00— 00— & >
32000 2 3 4 k 101 2 3 4 k
hln - k] zlklhn - k|

n=|

M

21012 3 4 k

S | SUSUS.

-1 0

1 2 3 4 k



1 xlklhin - k]

n=2 l I
—.—J—Lv—'—'—v—._' - 4 * 8 88— =
101 2 3 4 k 101 2 3 4 k
hln - k] {klhln - k]
II ' N ]I I
101 2 3 4 5 k 101 2 3 45 k

(b)

101 2 3 435 6
hin - k|
0123 45 6 7

xlk}hln - k)

T

k o1 203 405 k
xklhln - k]
n=35 y
_ e —
k 012 3 4 5 k
x[klhfn - k]
n=5
k -0 23 4 5 k
Fig. 2-24

Sequences hl k], x(k] and hln — k], x[k Jhln - k] for different values of » are sketched in
Fig. 2-24. From Fig. 2-24 we see that x[k)] and Aln — k] do not overlap for n < 0 and
n > 5, and hence y[n]=0for n <0and n>5. For 0 <n <5, x[k] and h[n — k] overlap.
Thus, summing x[kJhln — k] for 0 < n < 5, we obtain

y[0]=1

or

y[1]=2

which is plotted in Fig. 2-25.

y[2] =3

y[n]=1{1,2,3,3,2,1)

y[3]=3

y[4] =2 ¥[5]=1

ay



Laplace Transform and Continuous-Time
LTI Systems

A. Definition:

For a general continuous-time signal x(¢), the Laplace transform X(s) is defined as

-]

X(s) =f x(t)e " dr (3.3)

The variable s is generally complex-valued and is expressed as
s=o+jo (3.4)

The Laplace transform defined in Eq. (3.3) is often called the bilateral (or two-sided)

Laplace transform in contrast to the unilateral (or one-sided) Laplace transform, which is
defined as

X,(s)= [ x(t)e " di (3.5)

0

Equation (3.3) is sometimes considered an operator that transforms a signal x(¢) into a
function X(s) symbolically represented by

X(s) =Z{x(1)) (3.6)

and the signal x(r) and its Laplace transform X(s) are said to form a Laplace transform
pair denoted as

x(1) e X(s) (3.7)

B. The Region of Convergence:

The range of values of the complex vanables s for which the Laplace transform
converges is called the region of convergence (ROC). To illustrate the Laplace transform
and the associated ROC let us consider some examples.

EXAMPLE 3.1. Consider the signal
x(t)=e"u(r) a real (3.8)
Then by Eq. (3.3) the Laplace transform of x(1) is

xX(s)= [ e"”u(rje'"d{=j;:e"“"“d1

={s+ap
el )

= —

0+ s+a

ia Re(s) > —a (3.9)

because lim, ,, e """ = ( only if Re(s + a) > 0 or Re(s) > —a.

Thus, the ROC for this example is specified in Eq. (3.9) as Re(s) > —a and is displayed
in the complex plane as shown in Fig. 3-1 by the shaded area to the right of the line
Re(s) = —a. In Laplace transform applications, the complex plane is commonly referred to
as the s-plane. The horizontal and vertical axes are sometimes referred to as the o-axis and
the jw-axis, respectively.



EXAMPLE 3.1. Consider the signal
x(t)=e "u(t) a real (3.8)
Then by Eq. (3.3) the Laplace transform of x(r) is

X(s)= j_:e“'u(t)e'"dt = ‘(:C'""”'dl

- - ——p

S+ta

~(rvan| o

0* s+a

Re(s) > —a (3.9)
because lim, ., e """ = (0 only if Re(s + a) > 0 or Re(s) > —a.

Thus, the ROC for this example is specified in Eq. (3.9) as Re(s) > —a and is displayed
in the complex plane as shown in Fig. 3-1 by the shaded area to the right of the line
Re(s) = —a. In Laplace transform applications, the complex plane is commonly referred to
as the s-plane. The horizontal and vertical axes are sometimes referred to as the o-axis and

the jw-axis, respectively.

EXAMPLE 3.2. Consider the signal
x(t)=—e " "u(—t) a real (3.10)
Its Laplace transform X(s) is given by (Prob. 3.1)

1
X(s)=— Re(s) < —a (3.11)

Thus, the ROC for this example is specified in Eq. (3.17) as Re(s) < —a and is displayed
in the complex plane as shown in Fig. 3-2 by the shaded area to the left of the line
Re(s) = —a. Comparing Egs. (3.9) and (3.11), we see that the algebraic expressions for X(s)
for these two different signals are identical except for the ROCs. Therefore, in order for the
Laplace transform to be unique for each signal x(1), the ROC must be specified as part of the

transform.

Fig. 3-1 ROC for Example 3.1.



(a) (b)
Fig. 3-2 ROC for Example 3.2.
C. Poles and Zeros of X(s):
Usually, X(s) will be a rational function in s, that is,
ags™+a;s" '+ - +a, a,(s—z) - (s-2z,)

X(s) = (3.12)

bys"+bys" 4+, by (s=py) (s —p,)
The coefficients a, and b, are real constants, and m and n are positive integers. The X(s)
is called a proper rational function if n > m, and an improper rational function if n <m.
The roots of the numerator polynomial, z,, are called the zeros of X(s) because X(s5) =0
for those values of s. Similarly, the roots of the denominator polynomial, p,, are called the
poles of X(s5) because X(s) is infinite for those values of 5. Therefore, the poles of X(s)
lie outside the ROC since X(s) does not converge at the poles, by definition. The zeros, on
the other hand, may lie inside or outside the ROC. Except for a scale factor a,/b,, X(s)
can be completely specified by its zeros and poles. Thus, a very compact representation of
X(s) in the s-plane is to show the locations of poles and zeros in addition to the ROC.

Traditionally, an “x" is used to indicate each pole location and an “ ©" is used to
indicate each zero. This is illustrated in Fig. 3-3 for X(s) given by

¥ 25 +4 ’ s+2 R 1
= = > -
(s) sP+ds5+3 T (s+1)(s+3) e(s)
Note that X(s) has one zero at s = —2 and two poles at s = =1 and s = -3 with scale
factor 2.
Jw
T

LA

Fig. 3-3 s-plane representation of X(s)=(2s + 4)/(s% + 45 + 3).



D. Properties of the ROC:

As we saw in Examples 3.1 and 3.2, the ROC of X(s) depends on the nature of x(r).
The properties of the ROC are summarized below. We assume that X(s) is a rational
function of s.

Property 1:
Property 2:

Property 3:

Property 4:

Property 5:

The ROC does not contain any poles.

If x(r)is a finite-duration signal, that is, x(1) =0 except in a finite interval 1, =1 <1,
(== <t, and {, < =), then the ROC is the entire s-plane except possibly s = 0 or 5 = =,

If x(1)is a right-sided signal, that is, x(¢) = 0 for t <1, < =, then the ROC is of the form

Re(s) > o,

where o, equals the maximum real part of any of the poles of X(s). Thus, the ROC is
a half-plane to the right of the vertical line Re(s) = o, in the s-plane and thus to the
right of all of the poles of X(s).

If x(¢)is a left-sided signal, that is, x(¢) =0 for ¢ >¢,> —=, then the ROC is of the
form

Re(s) < O

where o, equals the minimum real part of any of the poles of X(s). Thus, the ROC is
a half-plane to the left of the vertical line Re(s) = o, in the s-plane and thus to the left
of all of the poles of X(s).

If x(1)is a two-sided signal, that is, x(1) is an infinite-duration signal that is neither
right-sided nor left-sided, then the ROC 1s of the form

o, < RE{S) {0'3

where o, and o, are the real parts of the two poles of X(s). Thus, the ROC is a vertical
strip in the s-plane between the vertical lines Re(s) = ¢, and Re(s) = o,.

Note that Property 1 follows immediately from the definition of poles; that is, X(s) is
infinite at a pole. For verification of the other properties see Probs. 3.2 to 3.7.

3.3 LAPLACE TRANSFORMS OF SOME COMMON SIGNALS
A. Unit Impulse Function 8(¢):
Using Egs. (3.3) and (1.20), we obtain

Z5(1)) =f:5(l)e”'dt= I all s (3.13)

B. Unit Step Function u(¢):

lu(n)] = [~ u(o)edi= [ e s
|
- = Re(s) >0 (3.14)
k) 0" 5

where 0% = lim, _ (0 + ).



C. Laplace Transform Pairs for Common Signals:

The Laplace transforms of some common signals are tabulated in Table 3-1. Instead of
having to reevaluate the transform of a given signal, we can simply refer to such a table
and read out the desired transform.

Table 3-1 Some Laplace Transforms Pairs

x(r) X(s) ROC
&(1) 1 All 5
1
ulr) - Re(s) >0
5
1
—ul—r) - Re(s) <0
5
1
tu(t) -3 Re(s) >0
5
k!
t*ulr) o Re(s) >0
5
1
e "ulr) Re(s) > —Rela)
s+a
1
—e " u(—1) _ Re(s) < — Rela)
s+a
1
te " "ulr) — Re(s) > —Re(a)
(s+a)
1
—te "u(—1) E—— Re(s) < — Re(a)
(s+a)
s
cos wqtult) m Re(s) >0
; o Re(s) > 0
sin wyful(t) Tral els
s+a

e cos wytult)

e ' sin wotult)

(s+a) +wd

Wy

(s+a) +wl

Re(s) > — Rela)

Re(s) > — Rela)



3.4 PROPERTIES OF THE LAPLACE TRANSFORM

A. Linearity:

If
x,(1) < X,(s) ROC = R,
X(1) = Xy(5) ROC =R,
Then ayx () +ayx,(t)e—a, X (s)+a,Xys) R' 2R, NR, (3.15)

B. Time Shifting:
If
x(t)e—X(s) ROC=R
then x(t=ty)e=e " X(s) R'=R (3.16)
Equation (3./6) indicates that the ROCs before and after the time-shift operation are the
same.
C. Shifting in the s-Domain:
If
x(t) > X(s) ROC=R
then e x(t)e— X(s—s5,) R'=R + Re(s,) (3.17)

Equation (3.17) indicates that the ROC associated with X(s —5;) is that of X(s) shifted
by Rels,). This is illustrated in Fig. 3-5.

D. Time Scaling:
If

x(1) <> X(s5) ROC =R

I

then x(ar]:——rLX[i] R
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E. Time Reversal:
If
x(1) e X(5) ROC=R

then x(=t)e—=X(-5) R'= -R (3.19)

Thus, time reversal of x(r) produces a reversal of both the o- and jw-axes in the s-plane.
Equation (3.19) is readily obtained by setting a = — 1 in Eq. (3.18).

F. Differentiation in the Time Domain:

If
x(t)e—= X(5) ROC=R
dx(r)
then ar —sX(s) R'OR (3.20)

Equation ( 3.20) shows that the effect of differentiation in the time domain is multiplication
of the corresponding Laplace transform by 5. The associated ROC is unchanged unless
there is a pole-zero cancellation at 5 = (.

(G. Differentiation in the s-Domain:

If
x(1) <> X(s) ROC = R
dX(s)

ds

then — (1) e R' =R (3.21)
H. Integration in the Time Domain:

If

x(1) > X(5) ROC =R
. 1
then f x(r)dr e —X(s) R =R [Re(s)>0) (3.22)

Equation ( 3.22) shows that the Laplace transform operation corresponding to time-domain
integration is multiplication by 1/s, and this is expected since integration is the inverse
operation of differentiation. The form of R’ follows from the possible introduction of an
additional pole at 5 = 0 by the multiplication by 1 /s.

1. Convolution:

If
x(t)«—= X (5) ROC =R,



then x,(1) % x5(1) = X,(5) Xs(5) R'SR,NR, (3.23)

This convolution property plays a central role in the analysis and design of continuous-time
LTI systems.



